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Abstract-A numerical and experimental investigation of the developing laminar free convection heat 
transfer in vertical parallel plate channels with asymmetric heating is presented. Thermal boundary 
conditions of uniform wall heat fluxes (UHF) and uniform wall temperature (UWT) are considered. 
Solutions of the developing flow are obtained for air at different ratios of the wall heat fluxes and wall 
temperature differences (above the temperature of the fluid at the channel entrance). The numerical 
solutions are shown to approach asymptotically the closed form solution for fully developed flow, The 
present results indicate that for UHF. the difference between the maximum temperatures on the two walls 
diminishes as fully developed flow is achieved. For UWT. the Nusselt number characterizing the total 
heat transfer to the fluid is found to be related to the Rayleigh number very nearly by a universal curve 
for all ratios of wall temperature differences, providing the Nusselt and Rayleigh numbers are appro- 

priately defined. 

NOMENCLATURE 

channel width ; 
specific heat of fluid ; 
gravitational acceleration ; 
thermal conductivity of fluid; 
channel height ; 
fluid pressure ; 
hydrostatic fluid pressure ; 
Prandtl number defined by equation 

(Ja) ; 
heat flow from wall per unit area per 
unit time ; 
heat absorbed by fluid between channel 
entrance and channel exit, 

rH, rT, ratio of wall heat fluxes or wall tem- 
perature differences defined by equa- 
tion (5); 

T, fluid temperature ; 
T 03 temperature of fluid at channel en- 

trance ; 
AT, T- To; 

4 fluid velocity in x-direction ; 

UO, average fluid velocity ; 
UHF, uniform wall heat fluxes; 
UWT, uniform wall temperatures ; 

fluid velocity in y-direction ; 
rectangular coordinate system, see 
Fig. l(b); 
thermal expansion coefficient of fluid ; 
dynamic viscosity of fluid ; 
kinematic viscosity of fluid ; 
density of fluid ; 
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dimensionless temperature defined by 
equations (4b) or (4~); 

Subscripts 

1, refers to hotter wall; 

2, refers to cooler wall ; 
3, value or based on value at mid-height 

of channel ; 
max, maximum value ; 

W, wall value ; 

X, value at distance x from channel 
entrance. 

A bar over a symbol indicates definition 
using the average of the wall temperatures or the 
average of the wall heat fluxes. 

INTRODUCTION 

SEVERAL investigators have studied laminar 
free convection in vertical. parallel-plate 
channels. All of them, however, have restricted 
their consideration to either identical heating of 
the two walls [l-4] or the so-called “fully 
developed” flow that characterizes a channel 
whose height is large compared to the spacing 
between the walls [4-71. The majority of the 
latter studies [5-71 deal with combined free 
and forced convection. In the case of vertical 
tubes, to the present authors’ knowledge, all 
published free convection results, for example 
[8], have been for symmetrically heated tubes. 
The effect of asymmetric heating in free convec- 
tion, therefore, has not been fully investigated, 
although the corresponding problem in forced 
convection has been quite extensively studied. 
References for the latter case are not relevant 
to the present study and hence will not be 
listed here. 

The present study concerns a theoretical and 
experimental investigation of the laminar free 
convection in air in a parallel-plate vertical 
flat duct. The duct walls are individually 
heated uniformly or maintained at constant 
temperatures. The wall heat fluxes or wall 
temperatures, however, need not be the same. 
Practical application of free convection in 

vertical channels with asymmetric heating of 
this nature may be found in modern communi- 
cation equipment. In such equipment, vertical 
circuit cards containing heat generating elec- 
tronic devices are arrayed to form vertical 
channels, and are cooled by free convection. 

THEORETICAL ANALYSIS 

Gowrning equations 
The flow geometry of interest is depicted in 

Fig. l(a) which shows a vertical flat duct of 
height E and width b. The channel walls are 
heated and as a result of the heat transfer to the 
fluid, the temperature of the latter increases. 
The resultant density differences cause the fluid 
to rise. The fluid that enters the channel from 
the bottom at the temperature TO is assumed to 
have a flat velocity profile uO . 

The dimensionless equations expressing the 
conservation of mass, momentum and energy 
for laminar, constant property (except for 
density difference in the buoyancy term) bound- 
ary layer flows are (see [2]): 

(1) 

where 

Note that p. is the pressure that would apply at 
any level in the channel if the fluid therein were 
at the ambient temperature To. For uniform 
wall heat fluxes, 

8= 
T- To, 
--,Gr = w 
q,blk 

(UHF). (4b) 
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FIG. 1. Model of analysis 

For uniform wall temperatures, 

0 = 3, Gr = gp(Tl -2 To) b4(UWT). (4 
C 

) 

Denoting the heat flux on the cooler wall by 
q2 and the cooler wall temperature by T2, we 
write the heat flux and temperature difference 
ratios 

q2 Tz - To 
IH = ;? rT = 7, (5) 

where rH and rT vary from 0 to 1. The boundary 
conditions can be expressed as : 

forX=OandO< Y<l: 

u=M,v=o,e=o 

for Y=OandXaO: 1 

Uniform Heat Fluxes : 

UC0 LO%- , 'ay *H 

WALL 

Uniform Wall Temperatures : 

u=o, V=0,6=rT 

> (6) 

for Y=/landXaO: 

Uniform Heat Fluxes : 

u=o,v=o, $1 

Uniform Wall Temperatures : 

u=o, v=o,e=1 

atX=OandX=L; 

P = 0, J 
where the dimensionless flow rate is given by 

(7) 

The dimensionless channel length L is the value 
of X when x = 1, that is 
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The average of the wall heat fluxes and the 
average of the wall temperature differences are : 

1 + rH 
4=H41+6?2)=41 2 ( > 

AT% T, = * [(T, - T,) + (T, - 7,)-J 

= (T, - 7-J q1 ( > . (94 

For either UHF or UWT, the dimensionless 
parameters of the problem may be alternately 
defined using the appropriate average quantity 
given above. The relation between some of these 
redefined parameters and the corresponding 
ones used so far are: 

’ (9b) 

where r can be either rH or rT. 

Fully deuelopedflow 
Fully developed flow is closely approached 

in a channel whose length is large compared 
with its width, that is, when L is large. The study 
of this flow is, therefore, useful; it is also in- 
structive because it yields the limiting conditions 
for the developing flow. Solutions for fully 
developed flow may be acquired in closed forms 
and are indicated in [9]. In this paper it will be 
shown that the fully developed flow results are 
asymptotically approached by the numerically 
obtained solutions for developing flow. 

Finite difference solution for developing flow 
The solution of the governing equations for 

developing flow is discussed in this section. 
Considering the finite difference grid network 
of Fig. l(b), equations (2) and (3) are replaced by 
by the following difference equations which 
were also used in [2]. 

Iii-j 
Ui+l,j - ui.j 

AX 

+ 

= 

V,j 

ui+l,j+l - ui+l,j-l 

2AY 

Ui+l,j+l - 2ui+l,j + ui+l,j-l 

(AY)’ -- 

Pi+i - pi 
- 

AX 
+ ei+l,j (10) 

+ y,j 
Oi+l,j+l - ei+l,j-l 

2AY - 

18 r+l,j+l - 2oi+l,j + ei+l,j-l 

Pr (W2 
(11) 

To calculate V, the transverse component of 
velocity, the centerline value of the index is 
denoted (see Fig. l(b)) 

n+3 
.imid = _ 

where n + 2 is the total number of nodes along 
Y and is an odd integer. For j < ,jmid the con- 
tinuity equation (1) can be written 

v+l,j = Y+l,j-1 - gx(Ui+l,j + yi+l,j- 1 

- Ui,j - Ui,j_ 1), j= 1,2,3,. . ,.jmid - 1. (12a) 

For j > jmidr the above equation is modified 
and the following form is used: 

V ,+l,j = I/+l,j+l + ~x(ui+l,j + '~+lsJ+l 

j = n, n - 1, n - 2,. . ,,jmid + 1. (12b) 
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In principle, either of equation (12a) and equa- 
tion (12b) could be used to evaluate the center- 
line velocity vi+ 1, j,,,. However, since both 
equations employ one-sided differences, a 
different value of Vi+ i, j,,, could result depend- 
ing on which equation is considered. 
Consequently, the transverse velocity at the 
centerline is calculated by fitting a third order 
polynomial through the values on the two 
immediate mesh points on both sides of the 
centerline. 

By means of Simpson’s rule, we write 
equation (7) as 

4ui+l,l + 2ui+1,* + 4ui+l,3 + 2ui+1,4 + '.. 

+ 4u, + 1,” = (n + 1)M. (13) 

The solution of the difference equations is 
obtained by first selecting values for Pr, M and 
rH or rT. Then by means of a marching procedure 
the variables U, V, tI and P for each row beginning 
at row i + 1 = 2 are obtained using the values 
at the previous row i. Thus by applying equations 
(lo), (11) and (13) to the points 1,2,3,. . ., n on 
row i, 2n + 1 algebraic equations with the 
2n + lunknowns Ui+l,I, Ui+l,x,..., Ui+l,n, 
Pi+l, tli+,,,, ei+1,2,..., ~i+l,n are obtained. 
This system of equations is then solved by a 
matrix reduction technique. Equations (12) are 
then used to calculate v+i, i, y+l,Z,. . , 

v,+,,, The procedure is continued until the 
pressure P returns to zero or becomes positive 
at which point the solution is terminated. This 
determines L for input M. If P > 0 at termina- 
tion then L is evaluated at P = 0 by linear 
interpolation. 

Typically 41 meshpoints are used in the 
Y-direction at the channel entrance and this 
number is reduced as X increases. (Use of 81 
meshpoints in the Y-direction at the channel 
entrance does not significantly alter the results.) 
A progressively larger step size is also used in 
the X-direction, beginning with an axial step 
size at the channel entrance, as it turns out in 
all cases, of about 0.1 per cent of the channel 
height. In some cases, the effect of the axial 

M 

step size is checked by re-running the solutions 
after increasing the step sizes by a factor or two. 
No significant effect on the calculated local 
distribution of the variable of interest or of the 
computed channel height is noticed. 

Note that for the condition of uniform wall 
temperatures, the boundary temperatures 

ei+l,O and 4+l,n+l are specified. In. the case 
of uniform heat fluxes, the wall temperatures 
gradients are specified instead of the wall 
temperatures. Hence the solutions for UHF 
are obtained by successive approximations as 
follows. For any row i + 1, we first set the wall 
temperatures equal to those on the previous 
row, that is (employing “primes” to designate 
successive approximates) 

Using these a solution for the interior points at 
row i + 1 is obtained as described above. Then 
by means of a three-point derivative formula, 
new wall temperatures are computed by setting 

e:;l,O = (46+,,, - 6+1,, + 2r,~Y)13 

e;;i,.+i = (4ei+i,, - ei+i,.-i + 2AY)i3. 

With these, a new solution for the interior points 
at row i + 1 may be obtained. The procedure is 
continued until, for some successive approxi- 
mates (? and eN+i of the wall temperatures, the 
condition (p+ ’ - oN)/tIN+1 < E, where E is an 
arbitrary small number, holds true simul- 
taneously for both wall temperatures. Values of 
O-01 and 0001 have been used for E without 
significant differences in the results. Con- 
sequently, the value E = O-001 is used. 

EXPERIMENTAL METHODS 

Experiments were conducted to verify the 
theoretical results. The boundary conditions 
used were constant wall temperatures. A channel 
with isothermal walls of different temperatures 
was made from aluminium plates 7 in. by 7 in. 
in size and 0.5 in. thick. The hotter plate was 
heated by a heated water pool and the colder 
plate was heated by circulating a warm water- 
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oil mixture through a maze of grooves machined 
into the back of the plate. Glass plates of 
optical quality and O-5 in. thickness were 
clamped and sealed on the vertical edges of the 
two isothermal plates to complete the channel 
geometry. 

While the temperatures of the isothermal walls 
were maintained at 205°F and 126”F, heat 
transfer tests were run for six different channel 
widths varying from O-188 in. to 0.75 in. The 
temperature over each plate was monitored by 
twelve thermocouples imbedded near the 
channel surface throughout the two plates. The 
thermocouples indicated that each plate never 
varied in tem~rature more than + Q02”F. 
The channel spacing was measured with a 
precision dial indicator that was zeroed when 
the two isothermal plates were made to touch 
each other. As the two plates were separated 
by a rack and pinion slide to form a channel, 
the indicator dial was read directly for the 
channel width. it was estimated that the recorded 
channel width could not have been in error by 
more than + 0902 in. 

In each test, the heat flux from each wall of 
the channel was measured interferometrically 
with a Wollaston prism schlieren interfero- 
meter. Details of the interferometer including 
the method of data evaluation are contained in 
[ 10-121. 

The temperature field in the fluid was also 
studied qualitatively by means of a holographic 
interferometer. This instrument is described in 
[13]. The test section used in these measurements 
was similar to the one described above, except 
that the aluminium plates were 15 in. high, 
10 in. wide, Sin. thick and were heated 
individually by passing a.c. currents through 
nichrome wires imbedded in the plates. Using a 
constant temperature hot wire anemometer 
and a thermocouple probe, velocity and tem- 
perature traverses were also made near the 
channel exit. The anemometer was a Thermo- 
Systems Inc. Model 1050 used in conjunction 
with a Mode1 1060 RMS voltmeter and a 1150 
calibrator. A more elaborate calibration pro- 

cedure for low velocity measurements, such as 
described in [ 141, was not carried out. Neverthe- 
less, inasmuch as the objective was to obtain a 
quick check of the theoretical solutions, the 
present method was considered adequate. 

RESULTS 

Results are obtained from the numerical 
solution for air (Pr = O-7) for both the condition 
of uniform wall heat lIuxes and uniform wall 
temperatures. The solution for these two con- 
ditions are discussed individually in the follow- 
ing. 

For the vertical channel whose walls are 
heated uniformly, solutions are obtained for 
heat flux ratios of 0 (corresponding to the 
condition in which the cooler wall is insulated). 
0.1, 05 and 1 (representing symmetric heating 
of the two walls). The relation between the 
dimensionless mass flux B and the dimension- 
less channel length i. is plotted in Fig 2. When 
L >, lo-‘, the curves for different values of 
rH are indistinguishable from each other and 
coincide with the fully developed flow asym- 
ptotic solutions. 

Computed temperature and velocity profiles 
from the numerical solution for rH = 0 at 
iT;i = O-15 and 0@5 are indicated in Fig. 3. 
The colder wall is represented by the line Y = 0. 
The profiles for the larger value of % change 
little in shape throughout the entire channel. 
At the smaller value of R (Fig. 3b), the specified 
uniform velocity at X = 0 is seen transformed 
near the channel exit into one indicating higher 
flow velocities adjacent to the hotter wall, 
Physically this type of profile, which is akin to 
that about a single vertical plate in free convec- 
tion, is the more realistic one when i; (and 
hence ll;I) is small (for example, when the 
channel width b is large so that the channel 
walls are thermally inde~ndent of one another) 
and should exist in the entire channel. The 
specification of a uniform entrance velocity 
distribution is, therefore, incorrect and its 
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FIG. 2. Relation between volume flow rate and channel length for UHF. 
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significance on the heat transfer will be dis- 

cussed later. 

Numerically computed axial pressure varia- 
tion is plotted in Fig. 4(a) for R = 0.15. The 

pressure distribution for all values of rH is 

represented closely by the single curve shown. 
This curve is higher than that for fully developed 

flow which is also plotted. The trend remains 

unchanged for larger values of K? but, when 

ii;i is larger, the agreement between the numeri- 

cal solution and the fully developed flow solution 

FULLY DEVELOPED 

(EO. 13b, REF.91 

0 0.2 0.4 

t 

0.6 08 1.0 

(al AXIAL PRESSURE VARIATION 

0 a2 0.4 y 0.6 OS 1.0 

(bl TRANSVERSE TEMPERATURE AND 
VELOCITY O~STRI~UTI~NS 

FIG. 4. Fully developed flow axial pressure variation and 
transverse temperature and velocity distributions for UHF 

at W = 0.15. 

becomes closer. This can be expected since the 

fully developed result is strictly valid only 
when E -+ 3cj (and hence li;i -+ CD). 

Velocity and temperature profiles at the 
channel exit from the numerical solution for 

Ei = 0.15 agree excellently with the fully 
developed flow distributions. This is not sur- 
prising since for R = 0.15, the conditions of 

fully developed flow are approached near the 
channel exit, as exhibited by the linear variation 

of the wall temperature which will be discussed 

later. The fully developed flow profiles are 
plotted in Fig. 4(b) for rH = 1.0, @.5 and 0.0. 
While the velocity distribution for symmetric 

heating is similar to the Poiseuille flow profile, 
the fully developed profiles for asymmetric 
heating are seen to be slightly skewed, so that a 

larger quantity of fluid flows in the half-channel 
adjacent to the hotter wall (on the right in the 
figure). 

The maximum temperatures on the two walls 
occur at the channel exit, and are plotted in 

Fig. 5 in dimensionless forms against the 
parameter L. This figure indicates that at all 

values of rH, the difference between the magni- 

tudes of the maximum temperatures on the 
two channel walls diminishes as L increases. 

At L 3 5, the maximum temperature on the 
hotter wall (B,,,, 1) may be calculated with good 
accuracy by the fully developed flow solution. 

In the same range of L, the fully developed flow 
result gives the maximum temperature on the 
cooler wall (t,,,,,,) to within a 6 per cent 
accuracy. At L + =c, the maximum tempera- 
tures on the two walls become identical and the 
fully developed flow solution then exactly 

gives the magnitudes of these temperatures. 
The results represented by the solid curves 

(hotter plate) in Fig. 5 are rephrased and plotted 
in terms of the variables 8,,,, 1 and L in Fig. 6. 
In this manner the solution for rH = I may 
be compared with those obtained in [3] by an 
integral technique. The agreement is seen to 
be good. The dashed line in Fig. 6 represents 
the single plate solution of [15] for Pr = 0.7, 
with minor variable transformations. It is 
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FIG. 5. Relation between dimensionless maximum wall temperature and dimensionless channel 
length of UHF. 
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FIG. 6. Comparison of maximum hot wall temperatures with the results of Engel and 
Mueller [3] and Sparrow and Gregg [15] for UHF. 

noted that the result for a single vertical plate plate solution does, as is apparent from Fig. 6. 
may be applied when t < 10e3. This condition This discrepancy is believed to be caused by 
is also approximately valid for the cooler plate. the assumption in the present numerical solu- 
Note that in this range the present solution tion of a uniform velocity profile at the channel 
predicts a smaller (by about 10 per cent) entrance. This assumption is not realistic when 
maximum wall temperature than the single L or L is small, as noted previousty. Similar 
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difficulty was encountered by Bodoia and Similarly, an average Nusselt number charac- 
Osterle [2] for UWT at rT = 1 using the same terizing the heat transfer to the fluid in the entire 
assumption, giving rise in that case to a larger channel may be defined using the maximum 
heat transfer from the channel walls when temperature on the channel wall and Fig. 5 

compared to the corresponding single plate may be used to evaluate this Nusselt number. 

solution. Alternatively, an average Nusselt number K, 

Typical spatial variation of the local wall may be formed using the average of the two 

temperatures are plotted in Fig. 7 for J?i = wall temperatures at mid-height. This definition 

0.005 and R = 0.15. The behavior of the is an extension of that for a single, uniformly 

0.4 

0.2 

- HOlTER WALL 

--- COOLER WALL 

--- SINGLE VERTICAL 
PLATE UIEF. 1% 

I I I 

0 a2 a4 0.6 0.8 1.0 
Y 

T 

0.8 - HOTTER WA 

- -- COOLER WA 

Cl6 

0 a2 0.4 
r 

0.6 0.E 

L 

FIG. 7. Typical axial variations of the wall temperatures at small and large I%? for UHF 

temperature on the hotter wall for the smaller 
R is similar to that on a single vertical flat 
plate [15] which is also shown. At the higher 

value of ii;i, the variation of wall temperature is 
linear (fully developed) with axial distance for 
both walls over a considerable portion of the 

channel. 
The curves given in Fig. 7 may also be em- 

ployed to evaluate local heat transfer coefficients, 
which may be useful in design calculations. 
The reason is that the dimensionless local 
temperature 0 is related to the local Nusselt 
numbers as follows : 

Nu 
k ,b 41 b 1 _ L = __----. - = __ .\,I - k (7;. 1 - 70) k ‘lx.,’ 

4, ,b q2 b TH Nu,,~ = k = p----.- = -. 
(T,,z - T,) k K.2 

heated vertical plate 1151. (For a channel 
whose height (r) is large compared with its 
width (b), the mid-height temperature on each 

wall is very close to the average temperature 
on the entire wall.) Thus, in the present case, 

In Fig. 8, ?‘$ is plotted against the Rayleigh 
number Ra where 

Ra = Pr x G = Pr/L. 

For all heat flux ratios the results are represented 
very closely by the single curve shown. This 
curve is seen to agree with the results of 13) for 
symmetric heating. 
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FIG. 8. Average Nusselt number as a function of Rayleigh number for UHF 

Unijbrm wall temperature 
Consideration is now given to the case of 

UWT. Numerical solutions for the developing 
flow are obtained for wall temperature difference 
(above the temperature of the entering fluid) 
ratios of 1, 0.5, O-1 and 0, where rT = 1 corre- 
sponds to symmetric heating of the two walls. 
The case rT = 1 has been considered by Bodoia 
and Osterle [2]. 

The relation between M and L is shown in 
Fig. 9. in contrast to UHF, at large values of 
e the mass flow parameter M for UWT 
approaches an asymptotic value of l/12. The 
latter is the fully developed tlow value 193. 
Calculated temperature and velocity profiles 
from the numerical solution for R = 08 agree 
wrth the profiles for fully developed flow 
(R = &). The fully developed profiles 193 are 

0.06 

ii 

FIG. 9. Relation between dimensiouless volume flow rate and 
dimensionless channel length for UWT. 
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plotted in Fig. 10. One of the cases plotted 
(rT = 0.5) was compared to a similar case 
considered in [5]. Very close agreement 

was discovered. Also shown in Fig. 10 
are some experimental measurements taken 

at the channel exit by means of hot wire 
anemometry and thermocouple traverses. The 

measurements are seen to agree reasonably 

02 

t 

/’ 
/’ 

.A‘ 
UWT - 

0.0 rT .G -- 1 j 
EXPERIMENTS: A 0.51 14.20 

0 0.60 2.57 

FULLY DEVELOPED FLOW SOLUTION 1 ““““‘““‘Lo i 1 

Y 

1 
1.0 

FIG. 10. Fully developed flow temperature and velocity 
distributions for UWT and comparison with measurements. 

well with the theoretical result. The scatter 
of the data is attributable to flow fluctua- 
tions near the channel exit due to the 
presence of minor room air currents. 

The local heat transfer coefficient may be 
defined based on the temperature of the hotter 
wall, that is 

where i = 1 refers to the hotter wall and i = 2 
cooler wall. With this, the local Nusselt number 

may be defined 

cw 
(Nu,), = y!f = _ _~ ( > ?Y I 

.i= 1,2. 

Calculated local Nusselt numbers are plotted 

in Fig. 11(a) for M = 0.08. It is clear that, along 
a large extent of the channel (fully developed 
flow region), the heat transfer at the two walls 
is equal and opposite in direction and the net 

heat transfer to the fluid is zero. 
Figure 1 l(b) shows the local Nusseh numbers 

from the numerical solution for a special case 
which matches the experimental conditions 
in one test in which Ra = 24, rT = 0.33, where 

the Rayleigh number Ra is defined as 

Ra = Pr x i3. 

The experimental data are obtained using the 
schlieren interferometer. Good agreement be- 
tween the theoretical and experimental results 

may be noted, except at X/L 5 0.1 on the hotter 
wall. Near the leading edge of the hotter plate, 
it is believed that the temperature was slightly 
lower due to the construction of the apparatus, 
thereby resulting in a lower heat flux. The 

corresponding Schlieren interferogram from 
which the experimental data are taken is shown 
in Fig. 12. 

An average Nusselt number is defined using 

the net heat transfer and the average of the wall 
temperature differences, that is : 

QlLb Nu =___- 
21(T - T,)k’ 

It is plotted in Fig. 13 against the Rayleigh 
number %. The numerical solutions for all 
wall temperature difference ratios differ very 
little from one another over the range of Rtr 
investigated, so that only the results for rT = 0 
and r, = 1 are plotted. The curve for rT = 1 
coincides with the solutions of Bodoia and 
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FIG. 12. Schlieren interferometer fringe pattern in UWT channel corresponding to data 
shown in Fig. 1 I(b). 
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FIG. 14. Holographic interferometer fringe pattern taken at mid-height of UWT channel for various values of E 



Osterle [2] which are not indicated in the 
figure. For & < 2 the present numerical results 
are indistinguishable from the fully developed 
results [9]. 
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from velocity and temperature traverses in the 
fluid at the channel exit. From the schheren 
interferometer data, the net heat transfer to 
the fluid is obtained by graphical integration 
of the local heat flux distribution. From the 
velocity and temperature traverses, it is acquired 

Also indicated in Fig. 13 are experimental 
data from schlieren interferometry as well as 

- HOTTER WALL 

--- COOLER ULLL 6 

t 

NUMERICAL SOLUTION:- HOTTER YLL - - 
(M =0.064, R0=24) ---COOLER WL 

4 
A 

X 
i 

X 
i 

FIG. 11. Local Nusselt number for UWT based on temperature difference on hotter wall and comparison 
with measurements. 

EXPERIMENTAL DATA 

SyyBoL ‘r METHOD 

c5 I .o 
0 0.35 1 VELOCITY AND _ 

TEMPERATURE 
0 0.35 TRAVERSES AT 

eJ 0.51 CHANNEL EXIT 

4 0.32 

A 0.33 SCHLIEREN 
INTERFEROYETRY 

FIG. 13. Average Nusselt number as a function of Rayleigh number for UWT and comparison 
with measurements (G and % are based on m). 
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by evaluating Qi. Fluid properties are evaluated 
at a temperature which is (T + To)/2 where T 
is the average of the wall temperatures. 

The experimental data in Fig. 13 exhibit 
some scatter. However, the schlieren data, 
which are the more accurate ones, generally 
agree with the theoretical results although at 
fi > 400 these experimental data tend to be 
lower (by about 10 per cent) than the theoretical 
solutions. In this range of Z, Bodoia and 
Osterle’s [2] numerical solutions for rr = 1 
are also higher than the experimental data of 
Elenbaas [l] by about 10 per cent and these 
authors ascribe the discrepancies to the assump- 
tion of a flat velocity profile at the channel 
entrance. 

When the channel walls are heated uniformly, 
it is found that when L >, 5, the maximum 
temperature on the two walls differ by less 
than 6 per cent from each other for all ratios of 
the wall heat fluxes. In this case, the fully 
developed flow solutions may be used to obtain 
these temperatures. When L < 10e3 the present 
numerical solutions underpredict the maximum 
temperature on the hotter wall by 10 per cent 
when compared to the single plate solution. 

Finally, Fig. 14 shows the interferometric 
(“finite fringe”) patterns taken in the vicinity 
of the mid-height of the channel. These inter- 
ferograms are intended for a qualitative study 
of the temperature field in the fluid at different 
test conditions. Real-time holographic inter- 
ferometry is employed. Each fringe in the figure 
essentially represents the temperature variation 
in the fluid. The temperature distribution is 
seen to progressively deviate from a linear 
profile with successive increase in the Rayleigh 
number. With the aid of Fig. 13, it is possible 
to trace the evolution of the temperature 
profile from that typical of fully developed flow - 
(at small Ra) to that characteristic of laminar 
boundary layer flow (at large &). 

For uniform wall temperatures, the present 
solutions give the average Nusselt number 
which describes the heat transfer to the fluid. 
The average Nusselt number is found to be 
related to the Rayleigh number very nearly by 
a universal curve for all wall temperature 
difference ratios, providing the average of the 
two wall temperature differences (above the 
temperature of the fluid at the channel entrance) 
is used to define these parameters. When this 
Rayleigh number is less than 2, the average 
Nusselt number is accurately given by the 
explicit expressions from the fully developed 
flow solution. When the Rayleigh number is 
greater than about 400, the present numerical 
solutions over-predict the average Nusselt num- 
ber by about 10 per cent. 
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CONVECTION LIBRE LAMINAIRE SE DEVELOPPANT ENTRE DES PLAQUES PLANES 
VERTICALES AVEC CHAUFFAGE ASYMETRIQUE 

R&urn&On presente une ttude numCrique et exptrimentale du transfert thermique par convection 
naturelle laminaire se dtveloppant dans des canaux entre plans parall&les verticaux avec chauffage asy- 
mktrique. On considere les conditions limites de flux thermiques uniformes g la paroi (UHF) et de tempbra- 
ture uniforme A la paroi (UWT). Des solutions d’kcoulement se dtveloppant sont obtenues pour I’air B des 
rapports diffirents de flux thermiques parittaux et de diffkrences de temptrature parittales (supkrieures 
g la temptrature du fluide & l’entrte du canal). Les solutions numCriques approchent asymptotiquement 
la solution analytique pour un tcoulement entierement dtvelopp&. Les resultats indiquent que pour UHF, 
la diffirence entre les tempiratures maximales sur les deux parois diminue jusqu’ g ce que I’tcoulement 
soit entibrement ktabli. Pour UWT le nombre de Nusselt caractirisant le transfert thermique total au 
fluide est lit au nombre de Rayleigh par une courbe universelle pour tous les rapports de diffkrences de 

temprrature pariCtale, donnant les nombres de Nusselt et Rayleigh correspondants. 

AUSBILDUNG LAMINARER FREIER KONVEKTION ZWISCHEN VERTIKALEN, 
EBENEN PLATTEN MIT ASYMMETRISCHER HEIZUNG. 

Zusammenfassung-Eine numerische und experimentelle Untersuchung der WLrmeiibertragung bei sich 
ausbildender laminarer freier Konvektion in Kanllen zwischen vertikalen, parallelen Platten mit asym- 
metrischer Heizung wird beschrieben. Als thermische Grenzschichtbedingungen werden betrachtet: 
konstanter W%rmefluss an der Wand und konstante Wandtemperatur. Losungen fiir die sich ausbildende 
StrBmung werden fiir Luft bei verschiedenen Verhlltnissen von Wlrmefluss an der Wand zu Wand- 
temperaturdifferenz (oberhalh der Temperatur da Fluids am Kanaleingang) erhalten. 

Es wird gezeigt, dass sich die numerische Lbsung asymptotisch der geschlossenen Lbsung fiir voll 
ausgehildete Strbmung nlhert. Die vorgelegten Ergebnisse zeigen, dass sich bei konstantem Wirmefluss 
die Differenz zwischen den maximalen Temperaturen der zwei Whde verringert, wenn voll ausgebildete 
Strbmung erreicht wird. 

Fiir konstante Wandtemperatur findet man, dass die Beziehung zwischen Nusselt-Zahl-sie charak- 
terisiert hier den totalen Wirmeiibergang auf das Fluid--und der Rayleigh-Zahl fiir alle VerhSiltnisse der 
Wandtemperatur in guter Ngherung durch eine universelle Kurve dargestellt werden kann. Vorausgesetzt 

wird, dass dies Nusselt-Zahlen und die Rayleigh-Zahlen in geeigneter Weise detiniert wcrden, 

PA3BMBAIOqAflCFI JIAMHHAPHAFI CBOBOjJHACI KOHBEICLJBFI 
MENAY BEPTkiICAJIbHbIMZl IIJIOCKklMkl I-IJ-IACTMHAMB IIPB 

ACBMMETPMYHOM HAI’PEBE 

kIEOTiU(iI~-npenCTaBneHbI wcnemoe II aKcnepRMeHTanbHoe mcne~osame nepeHoca 

Tenna npki paamisam~eicfi namiHapHoti c~o60~4~oti KoHBeKqmi B BepTmanbrmx KaHanax 

C napaJIJleJlbHblMH CTeHKaMH npn aCHMMeTpHgHOM liarpose. B KaYeCTBe rpaHHrHblX YCJrOBSii 
npHHHMaJlkiCb nOCTOJlHHblfi TolIJrOBOil nOTOK Ha CTeHKe H IIOCTOHHHPfi TeMllepaTypa CTeHKII. 
IIonyqeHbI pemeHHrr n,nn paamisaro~erocn noToKa Boagyxa npH paanHlranx 0THomeriIIRx 
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TennoB~x~0~0K0~ Hac~HKe~paa~o~~ TeM~epaTypcTeKK~(B~~e~MKepaTyp~~KAKOCT~ 
Ha sxoxe 3 KaHan). ~owaaaao, YTO mcnemble pememm acmnToTmeCKn npn6nwHtawTcfl 
H TO'%HOMy pfXIlt%IHW J&JlFl IlOnHOCTbW pa&lBHTOI'O IlOTOKa. 

llpemTa3neHHble peaynbTaTar noKa3uBawT, s~o npri 0~~opo~Karx Tennomx noToHax Ha 
mwme paaanme ruemay MaKcmHanbK~~~ aisa4eKumYr TemepaTyp Ha 06eax memax 

yaeKb~aeTcK no mepe Toro,KaK ~0cTKraeTc~ nomoe paamme noToKa. 
np%! IIOCTORHHOft TeanepaType CTeHOK VHCJIO HyCCeJIbTa, xapaKTep5iaywuiee CymmapHblCt 

Tennonepenoc, npm Bcex accne~oBammx pamocmx Temneparyp cTei3oK ci3maHo c micnord 
PeaeK ymaepcanbHarhl coomomenne~ npa ycnorrwn, ecm YHcna HyCCenbT3 H PeneR 

Ol'IpeJWJieHbl ~OOTBeTCTByW~KM 06pa3OM. 


